In closing, we note that other occurrences of generalized Fibonacci sequences can be found in [1] and [2] .Thus, the Fibonacci sequence and its generalizations continue to arise in unexpected situations, and interesting induction arguments are often used to establish properties of these sequences.
The well-known n-queens problem poses the following: place n queens on an n × n chessboard so that no two queens attack each other. Here a square is said to be "attacked" if a queen can legally move to it. The problem, first proposed by Max Bezzel in 1848 [2] for the standard 8 × 8 board, was solved only two years later by Carl Friedrich Gauss ( [3, 4] ), who proved that there are 92 solutions (twelve of them distinct, the others generated by symmetries), one of which is shown in Figure 1 . That the problem is not trivial may be seen by placing queens on a board so that they do not attack each other; on an 8 × 8 board every square can be attacked with as few as five queens. We define the n-queens game as follows: two players successively place queens on the board so that no two attack each other. The winner is the player who places a queen so that all remaining squares are attacked, leaving her opponent no legal moves. Thus, on an 8 × 8 board the first player wins if all squares are attacked after five or seven moves; the second player wins if this occurs at six or eight moves. Curiously, this game has apparently not been considered before except for a restricted version designed by Georg Schrage in 1989 [6] , in which he required the queens to be placed in successive columns.
This is an example of the sort of game studied in combinatorial game theory, a field more or less established in 1982 by Winning Ways for Your Mathematical Plays, recently reissued in four volumes [1] . Combinatorial games are defined as follows:
• two players move alternately according to clearly defined rules;
• both players have complete information about the game state and no chance element is involved; • play is guaranteed to end eventually when one player is unable to move (that player loses the game).
Chess and checkers are not combinatorial games since there is no guarantee that they will end, but games such as Nim and Dots-and-Boxes are. Our n-queens game is also impartial, in that the moves available to a player at any stage are the same as those that would be available to her opponent if he were to move instead. One startling result of combinatorial game theory is that any impartial game is isomorphic to a Nim game with reversible moves ( [5, 7] ). Nim games may be analyzed using an arithmetic theory of nimbers, described in detail in Winning Ways. The value of a certain game in progress is 0 if the player about to move must lose under optimal strategies. A game with value * n is equivalent to a Nim game with a single stack of n blocks and is thus a winning position for the next player, since she can simply remove the whole pile and change the game's value for her opponent to 0.
For the n-queens game, strategies for small chessboards are easily worked out. On a 3 × 3 board, placing a queen in the center square wins the game whereas any other move loses, since the other player will cover all remaining squares with his next move. Thus for Player 1 the only square with a nimber value of 0 is the center. On a 4 × 4 board a move to one of the four center squares wins the game, since the opponent must leave precisely one square unattacked on his move (see Figure 2) . Thus the nimbers of all four center squares are 0. We leave it to the reader to describe a winning strategy that begins by placing the first queen in a corner square of a 4 × 4 board, or (for instance) by placing the queen in a square adjacent to the center of a 5 × 5 board. This simple exercise should illustrate how much the complexity of the game increases with board size. Nevertheless, it is possible to describe a fairly simple strategy that wins the game for player 1 for all odd board sizes. She begins by moving to the middle, leaving the board in the symmetric position of Figure 3(a) . Wherever player 2 moves next, the symmetry of the board assures that the square directly opposite that move will still be free (Figure 3(b) ), and a move by player 1 to that position will preserve the game state's 180
• rotational symmetry (Figure 3(c) ). Thus she is always guaranteed a move, and will win the game. This is an example of a tit-for-tat strategy, where a player consistently responds to an opponent's move with a move that restores some property of the board. On even-sized boards there is no central square; thus symmetry cannot be preserved, and the tit-for-tat strategy fails.
Our computer analysis of the nimbers associated with opening moves on board sizes up to 9 × 9 is given in Figure 4 . Some interesting patterns emerge; note, for instance, that on even-sized boards up to 8 × 8 a move to one of the four central squares guarantees a win. However, more computer work reveals, to our surprise, that none of the nimbers associated with possible moves for a 10 × 10 board are zero. Thus a winning strategy exists for the second player on a 10 × 10 board! We suspect, though, that to write it out explicitly might fill the pages of more than a few issues of CMJ. Many questions remain. Which player is the winner for even larger boards? Are there other easily stated strategies for specific board sizes or situations? Are variations of the game (say, rectangular boards or different chess pieces) amenable to analysis? These problems could make for interesting research topics for a course in game theory or for undergraduate research. We await results with anticipation.
